A general method of calculating the integral-order number of interference is developed, completely without a trial method. The developed method of excess fractions is extended to the calibration of the effective optical thickness of a Fabry-Perot 6talon with the disperion of the refractive index and the phase shift on reflection. Several useful methods of calibration are provided and illustrated by examples. The condition under which the phase shift can be neglected is given for calculating the correct integral-order difference between wavelengths. A possible method of precise measurement of the dispersive phase shift is given. It is pointed out that exact knowledge of the integral order is not even necessary and that the phase shift can thus essentially be neglected for a precise measurement of the wavelength as long as the effective optical thickness is calibrated as the product of the fringe order of interference and the standard wavelength.
INTRODUCTION
In the application of a Fabry-Perot 6talon to the comparison and measurement of wavelengths, precise calibration of the effective optical thickness of the talon is of fundamental importance. In practice, one often uses the 6talon made by a solid glass plate or a fused quartz plate with metallic or dielectric reflecting films or those made by two reflecting plates separated by a air gap; hence the calibration of the 6talons is complicated by the dispersion of the refractive index and the phase shift on reflection. The traditional methods of exact fractions' and excess fractions 2 that can be used to determine the integral orders of interference are inconvenient for a systematic study of these problems because of their trial feature. The modified method of excess fractions 3 provides a new means of studying these problems. However, it was used previously only for studying the case in which the phase shift is neglected in vacuum, and a method was not developed for selecting a single z value for a combination of wavelengths satisfying the requirement that 1 < 14(1/X 2 -1/XOAd'I • N (integer N >1); that is, a comparison was still needed for finding the correct integral order.
In this paper, the modified method of excess fractions is developed further. A new technique of calculating the integral orders is given for a general combination of wavelengths.
The developed method of excess fractions is extended to the calibration of the effective optical thickness of a FabryPerot 6talon with the dispersion of the refractive index and the phase shift on reflection. Several useful methods of calibration are provided and illustrated by examples. It is pointed out that exact knowledge of the integral order is not even necessary and that the phase shift can thus essentially be neglected for a precise measurement of wavelength as long as the requirements are satisfied.
GENERAL OPERATION
For normal incidence, the path difference between successive rays emerging from a Fabry-Perot 6talon is (m + e)X = 2nd + ox, Or (1) where m is the integral order of the innermost bright fringe, e is the fractional order at the center, X is the wavelength, n is the refractive index of the talon, d is the talon thickness, and 'k is the phase shift on internal reflection. For the sake of convenience Eq. (1) may be rewritten in the following forms:
where
and
For the sake of simplicity 10I may be considered to be less than 7r. 4 For the conditions under consideration, d is so large and X is so small that a << 1, n >> OX/27rd, and d >> X/ 27rn. Taking the derivative of d(X) with respect to X yields
AX AX
It is well known that metallic reflecting films, such as Al and Ag, produce a phase shift that varies so that the product OX is nearly constant 5 ; i.e., Co/ is almost equal to zero. For dielectric multilayers, however, the product AX may vary much more rapidly with wavelength than does that for metals. The phenomenon must be reckoned with in the calibra-tion of the effective optical thickness of the 6talon. Under the condition of linear approximation, which is in good agreement with experiment,6,7 Co is almost constant. If 00 = 0 when X = X 0 , then from the integral of Eq. (4) we can get ox = 2nC,,(X -X 0 ). (5) Let X, and Xu be the known precise wavelengths; then from
Eq. (2) we have (m + e) = (mu + eu) n(X,)X'
where the relations AX << X << Ad << d', a,' << 1, n,' = nu', Ans = And = An, and Ae, = Aed = Ae have been used. An approximate value of the effective optical thickness of the 6talon for X, is (6) where m and mu are the integral orders of the first bright rings, es and eu are the fractional orders at the center, and n(X,) and n(X,) are the effective refractive indexes corresponding to X and X. For each wavelength, the fractional order may be obtained from measurements of the bright ring diameters. When n(X,) and n(X,) are not precise enough, we may consider n(X,)Xu/n(X,) an effective unknown wavelength. Therefore the above-described problem is essentially a matter of comparison of the unknown wavelength with the standard wavelength. The integers m, and mu can be 
then from Eq. (6) we have mu + eu' = (ms + e') XS + a, XU
where AXu' X 8
By using Eqs. (3) and (5) According to the modified method of excess fractions, 3 for example, we take the integer
as an approximate value of m, where Int.P( ) denotes the integral part of the expression within the parentheses, and we may write 
From Eqs. (7), (11), and (13) we can obtain the following relation:
where z is an integer that can be selected according to the specific rules (see below).
For simplicity, we write
If the combination of Xs and Xu satisfies the requirement that and 2n -Xs 
where the relation Il -Xs/Xul A AUsI has been used.
The value of sx found by Eq. (17) is correct, provided that hence we get
where N is an integer and N > 
we can find the correct z. By substituting the obtained z into Eq. (17), we can find the correct sx, provided that Ausatisfies the requirements that Axe < 0.5 and Axn + Ax 1, < 0.5, i.e., relation (19b). After the correct sx is obtained, the correct mi and m, can be found from Eqs. (11) and (18). Finally,'the effective optical thickness n(X)d can be obtained from Eq. (2) as the product of the order of interference and the standard wavelength. It can be seen from Eqs. (19a) that the values of Axe and Axn are inversely proportional to Aus and that Ax 1 , is practically independent of Aus; moreover, Axe is dependent on only Ae, Axn is dependent only on An, and Ax 1, is dependent only on AC 1 in the light of uncertainty. Therefore the integralorder errors introduced by the fractional-order error, the refractive-index error, and the phase-shift error can be discussed separately. Practically, under the condition that the phase shift of reflection be neglected, we may first find the integral order m" according to the requirements of Axe < 0.5 and Axn < 0.5. We then find the integral-order contribution m 1 of the phase shift with the known C 1 '. In fact, neglecting the phase shift implies that ' = 0, i.e., that Co' = 0 and AC 1 = C , ; from Eqs. (19a) we obtain Ax 1, =o = 2nu'Co , and can unambiguously determine that
provided that the uncertainty of the initial Co' is
2n'
Hence we obtain the correct integral order,
(25a)
i.e.,
This is a practical method that has several advantages over the aforementioned general method. First, the calculation by the practical method is simpler. Second, the requirements for the errors of the refractive index and the phase shift can be relaxed for determining the correct m for the following reason. In the general method the errors of the refractive index and the phase shift are taken together into account, and Axe < 0.5 and Ax, + Ax 1 , < 0.5 must be satisfied for the correct m to be found, but the practical method requires only that AXe < 0.5 and Ax, < 0.5 and that relation (25a) hold. It should be pointed out that the proper intervals of wavelengths must still be chosen by relation (21).
It should be noted that even if the phase shift is neglected the requirements for determining the correct m often are not satisfied because of the larger values of d, Ad, An, and AC 1, or the smaller range of usable wavelengths that occurs in a practical calibration. Hence we can obtain only an approximate integral order m"' by Eq. (17), and we may write
where Aim is the integral-order error of m"', which might contain the errors introduced by Ae and An and by neglecting the phase shift. Now we may obtain the assumed optical thickness
Using Eqs. (27) and (2), we can obtain
In consideration of the dimension of dispersion of the refractive index in the practical materials, the last term can be neglected; thus we have
The correct value of Am can be determined by Eq. (29), provided that the error of calculating Am is less than 0.5.
This implies that 
where n' is the initial approximate value of the refractive index. The variation of the obtained d'(X) can be fitted well to a first-order polynomial, 
NUMERICAL EXAMPLES
In order to show the manner of operation of the present method, we shall use a numerical example. Let us assume that the correct mi and es for the known wavelengths Xi are as shown in Table 1 . These data are obtained from Eqs. (1) and (5) under the following assumption. For a given 6talon, the precise value of the 6talon thickness is d = 2.129374582 mm, the precise refractive indices ni are given in Table 1 , the dielectric multilayer films have a linear phase-shift range between 0.54 and 0.66 ,m, X0 = 0.59791304 gm, and C , = -0.6454725525.
Our task is to find the correct integral orders mi with the developed method of excess fractions according to initial approximate values and then to calibrate the effective optical thickness of the given 6talon. For the purpose of specification we shall describe several useful methods as follows.
The General Method
The errors of the refractive index and the phase shift are considered together in the general method.
Consider an approximate value of the 6talon thickness d' + Ad = 2.131 + 0.005 mm; the measured values of ei' and ni' are given in Table 2 First, since we must determine the correct z and Am 8 ,, we use condition (21) to choose the proper intervals of wavelengths in the given spectral range of calibration. Table 3 Am,,,,, we can obtain the integral orders of other wavelengths as given in Table 3 .
We know that the integral orders shown in Table 3 are correct in comparison with those in Table 1 . where X is expressed in angstroms.
The Practical Method
The errors of the refractive index and the phase shift are considered separately in the practical method. Consider the case in which d' + Ad = 2.131 + 0.005 mm, C 1 , ' + AC, , = -0.60 0.05, the measured e' and n' are as shown in Table 2 , An = 5 X 10-6, Ae = 0.01, and the range of calibration is from 0.54811314 to 0.65213641 pm. First, when we neglect the phase shift on reflection, we find the integral orders m".
We choose the proper intervals of wavelengths according to condition (21) in the given range of calibration. We let X, = X 1 = 0.54811314 pm; from expression (9) we have and eu" = e 2 " = 0.258. According to the selection rules of z, now A 2 . l xm > 0, e 2 ' > e 2 "; thus we select z = 0, and, from Eq.
(20), Am,, 2 = 167. In a similar manner we can obtain other Amsu as shown in Table 4 . The integral-order differences between the nonadjacent wavelengths can be obtained by using Eq. (23).
We then choose the proper combination of wavelengths according to the requirements that Axe < 0.5 and Axn < 0. From relation (25a) we know that AC 1, < 0.08 is required; now AC , = 0.05 < 0.08, and hence m<> = -2 is correct.
Finally, from Eq. (26) we obtain ms = ml = 11346-2 = 11344 and m = M 2 = 9756 -2 = 9754. By using the obtained ml or M 12 value and knowledge of Amsu, we can obtain the integral orders of other wavelengths as shown in Table 4 . Obviously, these results are correct as well.
The Correctional Method
When the requirements that Axn < 0.5 and/or Axe < 0.5 are not satisfied, i.e., when the correct value of x cannot be computed unambiguously from Eq. (17), the correctional method is useful. In this method we first find an approximate integral order mI"', and then by using our knowledge of Table 5 .
By using the initial ni' and Eq. (31), we can obtain d"' (Xi) as shown in Table 5 . After the obtained d "' (Xi) is fitted to a where n may take its mean value. If AC , 6' = 0.05, we know from relation (30) that the condition that AC 1 , < 0.12 is required; now AC , = 0.11 < 0.12, and hence Am = -1 is correct.
Finally, by using Eq. (27) we can obtain the correct value M 4 = 10860 -1 = 10859 and other integral orders as shown in Table 3 from X4 to X11. Obviously, these results are correct as well.
DISCUSSION
It should be pointed out that the integral-order error in the calibration has been contained within the calibrated optical thickness because it is the product of the order of interference and the standard wavelengths in the present method of calibration. If the errors of the fractional orders could be neglected, the measured value of the wavelength would not be affected by the integral-order error in the calibration; that is, where Aed and Ae are the errors of the fractional orders in the calibration of the effective optical thickness and in the measurement of the wavelength. It is obvious that the variation of the uncertainty of the wavelength is small as long as Am << m. Specifically, when the contribution of the phase shift on reflection to the integral order is less than the permissible error of the integral order for the precise measurement of the wavelength, the phase shift may be neglected.
In fact, even though we do not have detailed knowledge of the phase shift of reflection on the films, if we start with 11 < 7r in the reflecting range for a dielectric multilayer, we have undoubtedly (34) where Xb is the wavelength of the edge of the high-reflecting range. Hence from Eq. (25) we obtain Imi < X b 0 .
For example, for a general dielectric multilayer film with X 0 = 0.6 m and a linear phase-shift range from 0.55 to 0.65 m,
we undoubtedly have ImJ < 13. As can readily be seen from Eq. (33), under the condition that d >> , the phase shift of reflection can essentially be neglected in the present method of calibration for a precise measurement of the wavelength. However, the integral-order difference between adjacent wavelengths must be correct; i.e., condition (21) must be satisfied for the measurement of the wavelength. If detailed knowledge of the phase shift on the reflecting films is not available, we may estimate the value of 31, under condition (34). The interval of adjacent wavelengths corresponding to such a value of 6, will ensure the correctness of Amu if the phase shift is neglected.
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